We present exact solutions of string cosmological models characterized by five dimensional metrics (with four dimensional real Lie groups as isometry groups), space independent dilaton and vanishing torsion. As an example we consider V II 0 ⊕ R model and show that it is equivalent to the 4 + 1 dimensional cosmological model coupled to perfect fluid with negative deceleration parameters (accelerating universe). *
Introduction
Some of the important problems of primordial cosmology such as, why is our universe fourdimensional? why does a small vacuum energy-density seem to survive until today after inflation? and other problems should find a satisfactory solution in the context of string cosmology [1] . The dynamics of the very early universe below the string scale may have been determined by the string effective action [2] . The idea that string theory, with its fundamental length scale, could resolve the big bang singularity by effective limiting space-time curvature has led, during the last decade, to a variety of models [3] where the big bang represent a turning (rather than an end)-point in the history of the early Universe ( see also [4, 5] ). The general, spatially isotropic and homogeneous, FRW string cosmology is known and well understood [6] . Furthermore, it is generally accepted that spatial anisotropy might have been important in the very early universe and the study of the string cosmology models that relax the FRW assumptions is therefore well motivated. The spatially homogeneous anisotropic Bianchi cosmologies [7, 8, 9] have been studied previously and some inhomogeneous generalizations of these models were presented [10] . Bianchi cosmologies admit a three-dimensional real Lie group of isometries that acts simply-transitively on three-dimensional, space like orbits [11] . Some generalization of these models to models with four-dimensional real Lie groups was also performed [12] .
Here we present exact solutions of string cosmological models characterized by five dimensional metric (with four dimensional real Lie group as isometry groups), a dilaton field and vanishing torsion. The paper is organized as follows. In section two, we review the homogenous anisotropic string cosmology in d-dimension [9] and then obtain main equations in 4 + 1 dimension. After then in section three, we obtain metrics over real four dimensional Lie groups. Subsequently, in section four we solve and obtain exact solutions of equations of motions for 4 + 1 dimensional homogenous anisotropic string cosmological models related to real four dimensional Lie algebras. Finally in section five we consider example V II 0 ⊕ R and show that it is equivalent with 4 + 1 dimensional cosmological coupled to perfect fluid with negative decelerating parameters (accelerating universe). Some concluding remarks including T -duality discussions are given in section six.
Review of homogeneous anisotropic string cosmology
We start with string effective action [2] :
The equations of motion for this action have the following forms
where the contractions H 2 µν = H µκλ H ν κλ , H 2 = H µνλ H µνλ involve the totally antisymmetric field strength H µνλ , defined in terms of the potential B µν as
Indeed these equations are the Einstein field equations coupled with matters φ and H ( see for instance [8] ). Note that for the study of 4+1 dimensional homogeneous string cosmological models, we first consider it in d + 1-dimension . We know that with the assumption of spatial homogeneity, the d-dimensional spatial submanifold is invariant under the action of a d-parametric isometry group G, and the metric of the space-time G µν can be factorized in a synchronous frame as [13] :
where α, β = 1, ..., d are world indices in the spatial submanifold and i, j are indices for the bases of the isometry group G. Notice that vielbeins e α i (x) are dependent only on spatial coordinates [13] . Now, if we consider additional assumption that the dilaton field be space independent and the torsion field H µνρ vanish then the equations (2)- (4) can be reduce to ordinary time differential equations for the variables g ij (t) and φ(t) [9] . Furthermore if we restrict our analysis to an anisotropic but diagonal matrix form for the invariant metric g ij (t) 1 ,
where a i (t) are scale factors; then the (0,0) and (i,i) components of the equation (2) have the following form respectively [9] :
where the dot stands for derivative with respect to t; furthermore (i,0) components give the constraints
On the other hand, i = j components of equation (2) give a set of another constraint equations
and the dilaton equation (4) has the following form:
Note that in the above equations
are Hubble coefficients, C k ij are structure constant of the isometry Lie algebras g and V k (a i ) are potential functions that depend on the type of Lie group. In this way instead of equations (2 − 4) one can use equations (8 − 12) and solve them to obtain homogeneous string cosmological models over space-times with isometry group G. Now, for 4+1 dimensional models the isometry groups are four dimensional real Lie groups. There are various classifications for these Lie algebras [15, 16, 17, 18] . Here in this paper we use the Patera et [17] classification in the next section. Now, for the four dimensional spatial submanifold one can introduce mean radius a in term of scale factors a i as follows:
then using equations (8), (9), (12) we havë
On the other hand, introducing new time coordinate τ [8]
the equation (14) can be rewritten as
where prime stands for derivative with respect to τ . The general solution of the above equation is
where N is a constant. Furthermore, with this new time coordinate the equation (9) may be rewritten as
On the other hand, equation (12) can be reexpressed as the following initial value equations:
Now, it is enough to solve equation (18) with the constraints (10) and (11) and initial values equations (19) . In order to solve equations (18) we must obtain potentials V i (a j ). In the next section we obtain metrics over four dimensional Lie groups, then in section four we obtain these potentials and solve equations (18) .
Four dimensional real Lie algebras and metrics over their Lie groups
There are several classifications for real four dimensional Lie algebras (for instance see [15] , [16] , [17] , [18] ). Because in most cosmological applications the Patera and et al classification has been used (see for instance [12, 14] and references), here we apply this classification (Table  1) . Now, to obtain the metrics of 4+1 dimensional anisotropic homogenouse space-times according to (6) , we must first calculate vielbeins e α i (x) for Lie groups of table 1. To this end, we use the following relation:
With the following parameterizations for the real four dimensional Lie groups G:
where {X i } and {x i } are generators and coordinates of Lie group, respectively. Then in general, for left invariant Lie algebra valued one forms we have:
Now, we need to calculate expressions such as e −x i X i X j e x i X i . Indeed, in [19] we have shown that:
where summation over index k is assumed and there is no summation over index i. In this formula (X i ) j l = −f il j are the adjoint representation of the Lie algebra. In this way one can calculate all left invariant one forms, which are shown in Table 1 . 
Exact solutions
Here, we construct the (i, i) component of equation (2) for metrics over all real four dimensional Lie groups of the table (1), then by comparing these equations with (9) we obtain potentials V i , furthermore we try to solve equations (18) and obtain initial value equation (19).
Lie algebras I ⊕ R
We obtain the potentials V i as follows:
such that there are no constraint equations. Equations (18) have the following form:
which admit the following general solution:
where p i and L i (i = 1, 2, ..., 4) are constants; furthermore from the initial value equation (19) we have the following restriction on p i s:
These results are extension of the results of [8] .
Lie algebras III ⊕ R
The constraint equations (10) impose in this case the restriction
where B 1 and B 2 are constants. Equations (18) 
where p 4 is constant. From the initial value equation (19) we have the following restriction on p 4 :
Lie algebras II R
where
, L 2 and L 3 are constants. Note that these solutions are extension of solutions [8] for Bianchi algebras II. From the initial value equation (19) we have the following restriction on p i s:
Lie algebras (IV ⊕ R)
In this case the constraints imposed by (10) and (11) are as follows:
where B is constant. There is no solution for these inconsistent constraints.
Lie algebras
In this case we obtain the potentials V i as follows:
and the constraint imposed by (10) and (11) is
Equations (18) 
where p 1 , p 2 , p 4 , L 1 and L 2 are constants. From the initial value equation (19) we have the following restriction on p i s:
Lie Algebras
such that there are no constraint equations. Equations (18) 
where L 1 , L 2 , p 1 and p 4 are constants. From the initial value equation (19) we have the following restriction on p 1 and p 4 :
Not that it has not presented solution for Bianchi algebra V I 0 in [8] 4.8 Lie Algebras V I b ⊕ R We obtain the potentials V i as follows:
In this case, the constraints imposed by (10) and (11) are
where B is constant; so that, within the present context, all solutions are singular.
Lie algebras V II 0 R
which admit the following general solution
where L 1 , L 2 , L 3 , p 1 , p 3 and p 4 are constants. Furthermore from the initial value equation (19) we have the following restriction on p i s:
Note that this solution and initial value equation are the same as for the Lie algebra I ⊕ R.
Lie algebras V II b ⊕ R
In this case the constraints imposed by (10), (11) are
where B is constant. Equations (18) 
where L 1 , p 1 and p 4 are constants. From the initial value equation (19) we have the following restriction on p 1 and p 4 :
Lie algebras V III ⊕ R
We obtain the potentials V i as follows: 
where L 1 , p 1 , p 3 and p 4 are constants. From the initial value equation (19) we have the following restriction on p i s:
Lie algebras IX ⊕ R
We obtain the potentials V i as follows: ,
Note that equations (63) and (67) for p 4 = 0 are the same initial values equations of the Ref [8] for Lie algebras V III and IX respectively such that the scalar field play the role of antisymmetric field i.e. 
Lie algebras A 4,1
, V 2 = − a 
where L 2 , L 4 , p 2 and p 4 are constants. From the initial value equation (19) we have the following restriction on p 2 and p 4 :
4.14 Lie algebras (A b
4,2 )
, V 2 = a 
In this case the constraints imposed by (10) and (11) are
Lie algebras (A 1 4,2 )
, V 2 = a .
Lie algebras (A 4,3 )
Lie algebras A 4,4
, V 2 = − a .
Lie algebras A (a,b) 4,5
In this case the constraint equations (10) impose the following restriction:
which for a + b = −1 admit the following general solution:
where L 1 , L 2 , p 1 , p 2 and p 4 are constants. From the initial value equation (19) we have the following restriction on p i s:
(85)
For a + b = −1 solution is similar to solution of V I 0 model.
Lie algebras A (a,a) 4,5
The constraint equations (10) impose the following restriction:
which for a = −1 2 admit the following general solution:
For a = We obtain the potentials V i as follows:
where L 1 , L 2 , p 1 , p 2 and p 4 are constants. From the initial value equation (19) we have the following restriction on p i :
Note that the results for this algebra are same as for Lie algebra A 
Lie algebras
, a 2 3 e φ = (
, a 2 4 e φ = (
Note that the results for this algebra are same as for Lie algebra A (a,1)
4,5 for a = 1.
where B is a constant. Equations (18) 
which for a = 2b admit the following general solution:
where L 1 and p 1 are constants. From the initial value equation (19) we have the following restriction on p 1 :
But for the case a = 2b, its solution is similar to V I 0 ⊕ R model solution.
Lie algebras A 4,7
Lie algebras A 4,8
20
where B is constant. In this case equations (18) 
Lie algebras
To facilitate calculations we will assume for the moment that we also have b = ±1, −2 and present the A b=±1,2 4,9 models separately in the next subsection. In this case the constraint equations (10) impose the following restriction:
It follows that for b = −2 and b = ±1 the most general solution for these equations which satisfies the above constraint is:
where L 1 and p 1 are constants and the coefficient L 2 , L 3 and L 4 are obtained as follows:
From the initial value equation (19) we have the following restriction on p 1 : 
The general solution to these equations are
where L 1 , p 1 , p 2 are constants and the coefficient L 2 , L 3 and L 4 are obtained as follows:
From the initial value equation (19) we have the following restriction on p 2 :
ii) For b = −1 the constraint equation (114) may be written as
and equations (115) 
iii) For case b = −2 the equations (114, 115) can be reduce to 
which admit the following solutions:
Lie algebras A 4,10
where L 2 , L 4 , p 1 and p 2 are constants. From the initial value equation (19) we have the following restriction on p 1 and p 2 :
where B is a constant. Equations (18) 5 Example V II 0 ⊕ R as a 4+1 dimensional cosmology coupled to matter with negative pressure (accelerating universe)
In this section we apply one of the exact solutions of the previous section (e.g V II 0 ⊕ R) as a physical cosmological model. In Ref. [8] , it has been shown that the equations (2-4) are equivalent to the following Einstein equatioñ
with the metric tensor
and the following energy-momentum tensor for φ and H 
Now, we obtain the components of above tensors and Einstein equation for the example V II 0 ⊕ R of subsection 4. For this propose, we must obtain the metric g µν as functions of coordinate time t. From relations (13) , (15) and (54) we obtain the following relation for τ as a function of t:
where γ = (p 1 +p 3 +p 4 −2N ) 2
. After substituting (154) in relation (6) and using results of table 1 the metric tensor can be obtain as follows:
Using above equation one can calculate the non-zero components of energy-momentum tensor T (φ)
µν for the V II 0 ⊕ R model as follows 4 :
Now by comparing the components of T µν with the following perfect fluid energy-momentum tensor:
and assuming κ = 1, 
H 123 = 1,φ = φ(t) − 1 2 ln a 1 (t).
We see that in the dual background the antisymmetric tensor is nonzero. In this way, in order to obtain the solutions of equations of motions (2-4) for this backgrounds, it is enough to use of duality transformations. In the similar way one can obtain other dual backgrounds by considering isometry directions mentioned in the table 1 and using Buscher's duality transformations in these directions.
